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EFFECT OF ~:E AXIAL COMPONENT OF THE HEAT FLUX ON SOLIDIFCATION OF 

A METAL WITH CONTINUOUS CASTING 

A. N. Cherepanov UDC 669-147 

In many pieces of work devoted to the theory of the solidification of a metal with con- 
tinuous casting, as a rule, the axial component of the heat flux is neglected and an approxi- 
mate equation of thermal conductivity with constant thermophysical parameters of the metal is 
considered [1-5]. The present article, on the basis of an exact equation of the thermal con- 
ductivity, considers the process of the solidifica::ion of a continuous ingot, with an arbi- 
trary dependence of the thermophysical parameters of the metal on the temperature. From an 
analysis of the self-similar solution found, a condition is obtained, with which an approxi- 
mate consideration of the problem without taking account of the axial component of the heat 
flux is valid. As an example, let us examine the process of the solidification of a flat 
aluminum ingot. 

We shall postulate that a flat ingot with a thickness of 2x0 moves along the Z axis with 
a constant velocity v. Here we assume that the temperature of the melt (the liquid phase) is 
equal to the crystallization temperature Tcr. 

The equation determining the distribution of the temperature T in the solid phase under 
fully established conditions has the form 

UC V ~ 

w h e r e  t h e  v o l u m e t r i c  h e a t  c a p a c i t y  c V a n d  t h e  t h e r m a l  c o n d u c t i v i t y  X d e p e n d  on t h e  t e m p e r a -  
c u r e  T. 

We w r i t e  t h e  b o u n d a r y  c o n d i t i o n  a t  t h e  c o o l e d  s u r f a c e  o f  t h e  i n g o t  i n  t h e  f o r m  

, O T  x : = x o  ~,-= = q (z) ,  ( 2 )  O.C 

w h e r e  q ( z )  i s  t h e  l a w  o f  h e a c  r e m o v a l ,  w h o s e  f o r m  w i l I  be  d e t e r m i n e d  b e l o w .  S p e c i f i c a Z l y ,  i f  
t h e  h e a t  r e m o v a l  c a k e s  p l a c e  a c c o r d i n g  t o  t h e  N e w t o n - - R a j c h m a n  l a w .  T h e n ,  we s e t  

(~) = t~ (z)  [~  I.~=.~o - r~, (z)], (3) 
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where k(z) is the coefficient of heat transfer from the ingot to the cooling medium, whose 
value is determined from the solution of the problem with a given law of change in the tem- 
perature of the cooling medium Tc(z ) . 

At the crystallization surface ~(z), the following conditions must be satisfied: 

aT , 
[ 

rt~=t(,) = Tc6 (5) 

~(0) = x o, ~(h)  = 0. (6) 

The prime in (4) means differentiation with respect to z. We shall seek the solution of the 
problem in the region 0 _< x < x~, 0 < z < h, where h is the depth of the liquid lune. 

We bring Eqs. (1)-(6) into dimensionless form, taking as characteristic values the crys- 
tallization temperature Tcr , the half-thickness Of the ingot xo, the thermal conductivity Xcr , 
and the heat capacity cVcr with T = Tcr. After going over to the new independent variables 

y~ = t -- x /xo ,  u i  = z,'h (7) 

the dimensionless system of equations assumes the form 

, ~ OTi 2 a [~ OTi~ O [~ ori~ 
n i F e c v i ~ l = h i ' ~ y i ~  i ' ~ y ~ ] ~ - ~ - ~  i~-~l ] ( O < Y l ,  u l - -<~ l ) ;  

~'l a--y~-i v,=or~l  o = B i  (u, i)(T i tla=o - -  Te) = ql ( u l ) ;  

ay i ~ ~'u 1 y,=l--~,(u,) 

(8) 

(9) 

(lO) 

T, [v,=l-~,(~,,) = I_; (li) 

where 

~(0) = t, ~(h~) = 0, 

M1 

' I ~ 

T1 = T / T c r ;  c v i  = cv:Cvcr;  ~-i = ~- ~ ' c r ,  

qi = q(~crTc/xo)-h ~ ~- $'Xo; h~ = h!xo; 

' " ~ " Pe  = vxolXcr . = • C v c r T c r ;  B i  = kxo~tcr  Ccr 

(12) 

In what follows, the subscript i with the dimensionless quantities will be omitted. 

We seek the solution of the problem (8)-(12) in the form 

From (8), 

c aT ~-~h~ d ( d r )  
v~--~= ~'~ ~ ~ i - "  

T = r ( n ) ,  n = y - u. (13) 

taking account of (13), we obtain an equation for determining the function T(n), 

(14) 

The general solution of Eq. (14) has the form 

T 

" X(t) dt hPe C.~. (15) 
------i+h~lq-Y . 

7 ~ c v (~) <~ § Cl 

Satisfying conditions (ii), (12), we find the constant of integration 

C 2 ---- 0 (16) 

and the form of the liquid lune 

~(u) -=-- t -- u.  (17) 

We deEermine the constant C, from the condition (9), assigning the values of the tem- 
perature of the cooling medium T c and the heat-transfer coefficient k at the point u = 0, 
which is equivalent to assigning the heat flux along the X axis at the point y = u = 0. 
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We introduce the notation 
~or, oylv=u=o = Bi(0)[l - -  To(0)] = q0. 

From ( 1 5 ) ,  t a k i n g  a c c o u n t  o f  ( 1 6 ) ,  ( 1 8 ) ,  we f i n d  

t + h2 
C1 = - x - ~ q o .  

(18) 

(19) 

the value of the heat flux q = %3T/~yly=1_~(u). in the solution in question We note t h a t  
r e m a i n s  c o n s t a n t  a l o n g  t h e  who le  c r y s t a l l i z a t i o n  s u r f a c e .  T h i s  f o l l o w s  d i r e c t l y  f rom c o n d i -  
t i o n  (10) and  the  s o l u t i o n  ( 1 7 ) ,  s i n c e  ~ '  (u) = --1.  

S u b s t i t u t i n g  the  v a l u e s  o f  t h e  c o n s t a n t  C: f rom (19) and C2 f rom (16) i n t o  f o r m u l a  ( 1 5 ) ,  
we f i n d  t h e  d i s t r i b u t i o n  o f  t h e  t e m p e r a t u r e  i n  t h e  s k i n  o f  t h e  i n g o t ,  

T 
f % (t) dt h Pe 
, t - -  I "7- h'---"'~ ~q" ( 2 0 )  

1 [c v(~c)  d'c l - - h  ~ 
h Pe q0 

't 

From c o n d i t i o n  (10) and t a k i n g  ( 1 3 ) ,  ( 1 7 ) ,  and (20) i n t o  a c c o u n t ,  we o b t a i n  an e q u a t i o n  
d e t e r m i n i n g  t h e  d e p t h  o f  t h e  l i q u i d  l u n e ,  

h2 _ • Pe  h + I - -  0 .  ( 2 1 )  
q* 

From this, taking into consideration that h + ~o as Pe -+ ~, we find an expression for the depth 
of the liquid lune, 

h = 2qo : | / \ ' - ~ q o  J -- i .  (22) 

The steady-state solution obtained exists with 

xPe'2q0 ~ 1. (23) 

From (8), (14), and (20), it follows that the axial heat flux due to thermal conductiv- 
ity can be neglected in Eqs. (I), (4), and (8), (i0) with h 2 >> i. Taking account of the ex- 
pression for h from (22), this condition assumes the form 

(• ~ >> I. (24) 

Under these circumstances, condition (23) is automatically satisfied, and the depth of 

the liquid lute, is 

h. = • (25) 

For the characteristic of the process of structure formation of a continuous ingot, a 
knowledge of the values of the crystallization rate and the cooling rate at the crystalliza- 
tion front is very important. The crystallization rate Vcr is determined by the expression 

Vcr-: v sin % 

where (~ is the angle between a tangent to the surface ~ and the Z axis. Since sin r = 
--$(z)/dl + ][~'(z)] 2 and $'(z) = i/h, ~'(u) = --i/h, 

Vcr-- v/~/ t  + h 2, (26) 

whe re  h i s  d e t e r m i n e d  by r e l a t i o n s h i p  (22) a n d ,  w i t h  s a t i s f a c t i o n  o f  c o n d i t i o n  ( 2 4 ) ,  by r e -  
l a t i o n s h i p  ( 2 5 ) .  

S u b s t i l : . u t i n g  t h e  e x p r e s s i o n  f o r  h f r o m  (22) i n t o  ( 2 6 ) ,  and r e t u r n i n g  t o  d i m e n s i o n l e s s  
values, we write 

Vcr---- ]~koAT/•  + ]/1 - -  (2koAT/• r v)"]-l/2, (27) 

where  ko = k ( 0 ) ;  AT = Tc r  --  Tc(0  ) .  

It follows from (27) that, with an increase in the rate of casting, the crystallization 
rate rises and, with v § =, Vcr + koAT/• 

The dimensionless cooling rate v T at the crystallization front is determined by the ex- 
pression [5] 

vT = IOT/OzJ~ =~(~). (28) 
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In the solution under consideration 8/8z :--(I/h)d/dn; consequently, 
of (20), we have 

v r  = q j h .  

From (26), 
ing rate, 

from (28), taking account 

(29) 

(29), we obtain a relationship connecting the crystallization rate with the cool- 

Vcr= vv-r l q o ] / t l h  2 + 1.  

For concrete calculations, we assume that the dimensionless values of the thermal conduc- 
tivity and the heat capacity are linear functions of the temperature 

~.(T) = ~ ~ o ) T ,  c v  - -  v + ~ T  (30) 

Substituting (30) into (20) and integrating, we obtain 

6T  -}- v - -  m s -;- v - -  m r ms 1 -- - . . . . .  exp ! qo 
(sT+~+m) n (8+v~-m) n L ~8-~-m) ~ ~j' (31) 

whe re 
~ts -- ~ (v -- m) 

m = V ( ~ + s )  ~ + 2 •  n -  ~ts -- ~ (v -- m)" 

Expression (31) describes the law of temperature change in the skin of the ingot 
removal takes place according to the law 

{ [ ]} q ( z ) = q o  I r s - I  e t) V. ~ ' - - -V  ( T ~  . ' 

if the heat 

where Tf : Tf(z) is the temperature of the surface of the ingot, determined by formula (31) 
with n =--z/h. 

For some metals (for example, aluminum, copper), the thermal conductivity and the volu- 
metric heat capacity depend only weakly on the temperature, varying within the limits of • 
in a rather broad interval of change in the temperature; therefore, with a sufficient degree 
of accuracy, these parameters can be assumed constant, and their mean values can be taken 
for calculation. Substituting I = c V = i into (20) and integrating, taking account of (22), 
we find 

r(n)=l ' • exp -- (32) 

The form of the liquid lune and its depth, as in the nonlinear case, will be determined 
by formulas (17) and (22), respectively. Here it must be kept in mind that in the linear ap- 
proximation mean values are taken as characteristic values for the thermal conductivity and 
the heat capacity, from which it follows that I = cv = i. The solution (32) is valid if the 
heat is removed according to the law 

ql.) _ qooxp(q..)  �9 (33) 

From condition (9), taking account of (7) and (33), we find the law of change of Bi(z) 
[or the heat-transfer coefficient k(z)] with a given temperature Tc(z) of the cooling medium: 

qo exp(qo ) B i ( z ) =  r f ( z ) - - r  c(:) ~ z ,  

where Tf is determined from (32) and (7) with x = i. Since, in the problem under considera- 
tion, the temperature of the surface of the ingot cannot be lower than the temperature of the 
cooling medium, the following condition must be satisfied: 

~-2~- z �9 

From this, setting z = h, we find the limitation on the value of the heat flux, with which 
the solution obtained exists. We have 

qo < .~x ln [ t  _ ~ i - -  Tc (h)]. 

As an example, we give the results of a calculation of the solidification of an aluminum 
ingot with a thickness of 0.2 m, with c V = 2715 kJ/(ma.~ X = 222 W/(m'~ O = 2.6 �9 i0" 

6 7 6  
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kg/m 3, >~ = 402 kJ/kg, Tcr : 933~ v = 2.78 �9 10 -3 m/sec (Pc : 3.4), k(O) : 936 W/(m2"~ 
[Bi(0) = 0.422]. For the dimensionless temperature of the cooling medium we take the follow= 
ing law of change: 

l '~ (z )  = 0 . 3 3 6  - -  O .02~z ' /~ .  

Figure i gives the dependence of the dimensionless values of the ingot surface tempera- 
ture Tf, the heat flux q (removed from the ingot), and the Bi number on the variable z. 

Figure 2 illustrates the dependence of the crystallization rate on the ra~e of pulling 
of the ingot. Here the depth of the liquid lune, according to formula (22), is equal to 
0.481 m, while, without taking acocunt of the axial heat flux [Eq. (25)], h : 0.503 m; i.e., 
the difference is 4.5%. 

We note that the solution obtained, in addition to its independent importance, can be 
used as a test for the verification of numerical algorithms for calculation of the problem 
of the solidification of a continuous casting of flat geometry, taking acdount of the depen- 
dence of the thermophysical parameters of the metal on the temperature. 
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